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Abstract: It is well known that the umbilic points of minimal surfaces in
spaces of constant sectional curvature consist only of isolated points unless the
surface is totally umbilic on some connected component, as for example the
Hopf form is holomorphic. In this note, we prove that on Willmore surfaces
in codimension one the umbilic set is locally a one dimensional real-analytic
manifold without boundary or an isolated point.
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1 Introduction
For an immersed surface f : Σ→ R3 the Willmore functional is defined by
W(f) =
1
4
∫
Σ
|H|2 dµg,
where H denotes the scalar mean curvature of f , g = f∗geuc the pull-back metric and
µg the induced area measure of f on Σ .
Critical points of the Willmore functional, called Willmore surfaces or immersions,
satisfy the Euler-Lagrange equation
∆gH + |A
0|2gH = 0, (1.1)
see i.e. [KuSch02] §2, where the laplacian along f is used, A0 = A − 12
~Hg is the
tracefree second fundamental form of f . In particular, smooth Willmore immersions are
real-analytic, see [Mo58].
A point is called umbilic, when the tracefree part of the second fundamental form A0
vanishes, likewise the set of non-umbilic points is given by
N := [A0 6= 0]. (1.2)
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As Willmore immersions are real-analytic, N = [A0 6= 0] is dense in Σ , if f is not
totally umbilic on any connected component.
Minimal surfaces are particular examples of Willmore surfaces by (1.1), and by con-
formal invariance of the Willmore functional, see [Ch74], this is also true for minimal
surfaces in the sphere S3 or in the hyperbolic space H3 after applying a local con-
formal diffeomorphism to the euclidean space. We remark that R3, S3 and H3 all have
constant sectional curvature. Now the umbilic points of minimal surfaces consist only of
isolated points unless the surface is totally umbilic on some connected component. In
codimension one, this can easily be seen by considering the scalar second fundamental
form h0ij := 〈A
0
ij , ν〉 for a smooth unit normal ν of f , the function
ϕ := h011 − ih
0
12 (1.3)
and the quadratic Hopf form H = (ϕ/2)(dz)2 . The Hopf form is defined independent
of the oriented conformal local chart and changes to its conjugate when switching the
orientation of the local chart. In case of minimal surfaces, ϕ is holomorphic, see for
example [La70] Lemma 1.2 for the sphere, hence its zeros, which are precisely the umbilic
points, consist only of isolated points unless ϕ vanishes identically on some connected
component.
The aim of this article is to show that on Willmore surfaces in codimension one the
umbilic set is locally a one dimensional real-analytic manifold without boundary or an
isolated point.
Theorem 3.1 For any smooth not totally umbilic Willmore immersion f : Σ → R3
of an open connected surface Σ , the set of umbilic points is a closed set in Σ which
is locally a one dimensional real-analytic manifold of Σ without boundary or an isolated
point.
Therefore the set of umbilic points of f can be written
Σ−N = [A0 = 0] = Γ +A,
where Γ is a closed set and a one dimensional real-analytic submanifold of Σ without
boundary and A is a closed set isolated points. ✷
2 Cauchy-Riemann equation
We consider a smooth immersion f : Σ → R3 of a surface Σ , or more precisely in a
local conformal chart a conformal immersion f : B1(0) ⊆ C→ R
3 with pull-back metric
g = f∗geuc = e
2ugeuc and use the differential operators of the Wirtinger calculus
∂z =
1
2
(∂1 − i∂2) and ∂z¯ =
1
2
(∂1 + i∂2).
We derive a Cauchy-Riemann equation for the pair of functions ϕ , defined in (1.3), and
∂zH , and we start with an equation for ϕ .
Proposition 2.1 For any conformal immersion f : B1(0) ⊆ C→M,M ∈ {R
3, S3,H3} ,
with pull-back metric g = f∗gM = e
2ugeuc , we have
∂z¯ϕ =
e2u
2
∂zH, (2.1)
2
where H is the scalar mean curvature of f in M .
Beweis:
From (1.3), we calculate
2∂z¯ϕ = (∂1h
0
11 + ∂2h
0
12)− i(∂1h
0
12 − ∂2h
0
11)
= (∂1h
0
11 + ∂2h
0
21)− i(∂1h
0
12 + ∂2h
0
22) =
= e2ugkl(∂kh
0
l1 − i∂kh
0
l2), (2.2)
as h0 is symmetric and tracefree with respect to g = e2ugeuc . The covariant derivatives
with respect to g = e2ugeuc are defined by
∇kh
0
lm = ∂kh
0
lm − Γ
r
klh
0
rm − Γ
r
kmh
0
lr,
where Γ denote the Christoffel symbols with respect to the metric g = e2ugeuc and are
given by
Γrkl =
1
2
grs(∂kgls + ∂lgsk − ∂sgkl) =
= grs(gls∂ku+ gsk∂lu− gkl∂su) = δ
r
l ∂ku+ δ
r
k∂lu− gklg
rs∂su
for the Kronecker symbols δ . We calculate
gklΓrkl = g
kl(δrl ∂ku+ δ
r
k∂lu− gklg
rs∂su) =
= gkr∂ku+ g
lr∂lu− 2g
rs∂su = 0 (2.3)
and
gklΓrkmh
0
lr = g
kl(δrm∂ku+ δ
r
k∂mu− gkmg
rs∂su)h
0
lr =
= gklh0lm∂ku+ g
klh0lk∂mu− δ
l
mg
rsh0lr∂su =
= gklh0lm∂ku− g
rsh0rm∂su = 0, (2.4)
as h0 is symmetric and tracefree with respect to g . Together
gkl∇kh
0
lm = g
kl∂kh
0
lm
and plugging into (2.2)
2∂z¯ϕ = e
2ugkl(∇kh
0
l1 − i∇kh
0
l2).
On the other hand by the Mainardi-Codazzi equation, as R3, S3,H3 all have constant
sectional curvature, see [dC] §6 Proposition 3.4 and §4 Lemma 3.4,
gkl∇kh
0
lm = g
kl∇k(hlm −
1
2
glmH) = g
kl(∇mhkl −
1
2
glm∂kH) =
1
2
∂mH,
hence
∂z¯ϕ =
e2u
4
(∂1H − i∂2H) =
e2u
2
∂zH,
which is (2.1).
///
3
Remark:
For minimal surfaces in the constant curvature spaces R3, S3 or H3 , we get from (2.1)
that ϕ is holomorphic, hence the umbilic points, which are the zeros of ϕ , consist only
of isolated points, if f is not totally umbilic on any connected component. ✷
Proposition 2.2 For any conformal Willmore immersion f : B1(0) ⊆ C→ R
3 , we have
the Cauchy-Riemann equation
∂z¯(ϕ, ∂zH)
T =M · (ϕ, ∂zH)
T (2.5)
for some smooth matrix M : B1(0)→ C
2×2 .
Proof:
(2.1) implies the first row of (2.5). Now f satisfies as Willmore immersion the Euler-
Lagrange equation (1.1), hence by the definition in (1.3) that
∆gH = −|A
0|2gH = −g
jkglm〈A0jl, A
0
km〉H =
= −e−4u
(
(h011)
2 + (h012)
2 + (h021)
2 + (h022)
2
)
H = −2e−4u|ϕ|2H,
as h0 is symmetric and tracefree with respect to g . On the other hand using (2.3), we
get
∆gH = g
kl∇k∇lH = g
kl∂k∂lH − g
klΓmkl∂mH =
= e−2u(∂1∂1H + ∂2∂2H) = 4e
−2u∂z¯∂zH.
Together
∂z¯∂zH =
1
4
e2u∆gH = −
1
2
e−2uϕ¯Hϕ,
which gives the second row of (2.5).
///
3 The structure of the umbilic set
In this section we prove our main theorem.
Theorem 3.1 For any smooth not totally umbilic Willmore immersion f : Σ → R3 of
an open connected surface Σ , the set of umbilic points is a closed set in Σ which is
locally a one dimensional real-analytic manifold of Σ without boundary or an isolated
point.
Therefore the set of umbilic points of f can be written
Σ−N = [A0 = 0] = Γ +A, (3.1)
where Γ is a closed set and a one dimensional real-analytic submanifold of Σ without
boundary and A is a closed set isolated points.
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Proof:
By continuity, the set of umbilic points [A0 = 0] is closed in Σ . We consider a conformal
Willmore immersion f : B1(0) ⊆ C → R
3 with pull-back metric g = f∗geuc = e
2ugeuc
which has 0 as an umbilic point. Clearly [A0 = 0] = [ϕ = 0] .
By the Cauchy-Riemann equation for (ϕ, ∂zH) in Proposition 2.2 and observing that
ϕ is real-analytic and does not vanish identically, as f is real-analytic and not totally
umbilic, there exists by [EsTr88] Lemmas 2.1 and 2.2 an integer m ∈ N0 such that
(ϕ, ∂zH)(z) = z
m(ψ,χ)(z) for some smooth ψ,χ : B1(0)→ C with (ψ(0), χ(0)) 6= 0 . As
ϕ, ∂zH are real-analytic, ψ,χ are real-analytic up to the origin as well.
As the origin is considered to be an umbilic point, we have
[A0 = 0] = [ϕ = 0] = [ψ = 0] ∪ {0}.
If ψ(0) 6= 0 , the origin is an isolated umbilic point.
If ψ(0) = 0 , then χ(0) 6= 0 . Observing by (2.1) that
zm∂z¯ψ(z) = ∂z¯ϕ(z) =
e2u(z)
2
∂zH(z) = z
m e
2u(z)
2
χ(z),
we get by continuity ∂z¯ψ = (e
2u/2)χ and
∂z¯ψ(0) =
e2u(0)
2
χ(0) 6= 0.
Therefore Dψ(0) 6= 0 or likewise ∇Re(ψ)(0) 6= 0 or ∇Im(ψ)(0) 6= 0 . Then by the
implicit function theorem, the set [Re(ψ) = 0] or the set [Im(ψ) = 0] is a real-analytic
curve locally around the origin, and the set of umbilic points
[ϕ = 0] = [ψ = 0] =
(
[Re(ψ) = 0] ∩ [Im(ψ) = 0]
)
is contained in this real-analytic curve locally around the origin. Since ϕ is real-analytic,
we see that either the origin is an isolated umbilic point or the whole real-analytic curve
belongs in a neighbourhood to the set of umbilic points, and the theorem is proved.
///
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